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FOREWORD

Assessment is.e. ;p16 force bearing on the behavior of the

teacher, along with old familiar forces. such as textbook
.

'series, ;liege courses, and,supervisors. Whether assessment

will be a potent force or a weak force remains to be seen.

There is concern whether assessment will be a positive or

negative\fo'rce. :f it proves to be a. potent and positive

force, it will not be due to the threat that'is inherent iin

evaluation' of our'work. .PreAure to improv, cannot..

nave a'positive effeat unless accompanied by direction and

guidance.

The posture of many

defensive. They fee

- cies irk their pupils

ry

teachers.r ard;ng.assessment has been
'

1 unjustly blamed for apparent deficien-

. Teacher trainers, supervisors, and

s'tate officials are little threatened, feeling that they

do tneir best",'and It is really up to the teacher to in-

terpret,. or implement, to bring the 'collective wisdom to

bear .on the it is our hope:f.hat.-51.11 of these who

shape classroom instruction will-;study assessment results

. and askIthemselves whet her their "piece of the action" might

be chanted in some way with an eye to improving the'results.

Thlo$ report suggests some areas in whicsh guidance inc needed.

All those wheplay a significant role'in shaping the teacher's

ultimate performance should ponder the suggestion that'

children need to manipulate concrete materials and draw

diagrams as they study arithmetic. ,Why, 'after at least 40

years of talk about the, need for concrete activity do we

find this suggestion necessary? Why is there such apparent

5
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wa.Pr.ass regarding ace va_ue and grouping? Y.easurement
.r.

is a relatively un03m licated Wny 1.s it 'showing u

as a weak area; .or

:t is not eriougn, nor ie it fair, to ask these auestions onl
J

of tte.ilassroom teacher.' The teacher trainer Should

at his role, the, author at nis elementary textbooks, the

supervisor at his,:in-service training program.
.1 .81

, .

.".'ur familiar standardized nsrmative tests gave us a badly
....

blurred view of what children wea learning. We nave.i

somewnat cleareq view through an assessment instrument based

. on.specified ob,.!ectives. :t is hoped thac this report.w111
-

be but one doc-tent in a new sort-of dialogue in mathematics
.

_ N

education -- dialogue-based on what children can do, as

:.".ensu red' against specifiNci things we want them tO be able to do.
,- .

''
. , ,,

r _
. . .

e .

. t
William Swart(

MtTY. President
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INTE:,=0TION.

The Micnigah bducational Assessment program (MEAV).began in
the fa;1 of 1969. ?;crm -rc 'erenced tests in mathematics and
readirtg were'administe-red each,fanuary in the years 1970-197/3
to-nearly all public school fourth and seventh graders in,
Michigan. Froff 1971 through 1973, minimal performancer
objectives were developed and adop+ by the Sti.te Boixd of
Etducation in' reading and mathematics :1 lojective-referenced'
tests were given in the failsof 1973'to replace the previous
-testing. 'The results of the assessment can benefit those
.interested in mathematics education at various le ls.- All
teachers of mathematics-pan benefit by utilizing lo and .

state-wide results in their efforts to be more diagn stic in
their Instruction. J
This monograph is concered with e 1973

*
results for the

mathem'atics objectives on th -Grade 4 and Grade 7 tests. Its
majon py. nose is to make int, retative remark) 9bout the
performan e levels for each objective tested and to make
relevant teaching and curriculum suggestions,

This monograph will be of use to those engaged In locale in-
terpretation or staff development. Local priorit1es and
expectations should be, Considered along with thiSeport in
making an evalition of a district's resuip.

'he reader is urged to secure a upy of Minimal PerformanceObjectives For Mathematics Education In Michigan, MichigariDepartment of Education, 1973. A helpful companion bookletis An introduc4ion To The Minimum Performance Objectives ForMathematics Education In Michigan, Monograph No. 2, February1973, Michigan Council of Teachers of Mathematics.
x
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PRESENTATION OF DATA

tto 1.0

tThe.write s of .this monograph used several resources in
\

arriving t their concilions. TriLa-se included the recomen-
.

.dations made it the MCTM/MEAP Conference, Aprif 8.-9, 1974

ands a critical reading of their work by v.reference group of
-

Leading mathematics educatws in the state. Pripfessional

,experierice and judgement, statewide iciercent of attainment for
a.

each objective, and foil analysis .data (Percent Choosini each

cnoice t. or each test item) were major ingredients in forming

the'interpretations.:

In the fail of 1.273 testing, 35 of the objectives classified

as minlrftal were assessed in Grade 4 and 45 were assessed in

Grade 7. Five multiple -chpice.test items were used for each

objective. To be ecorded as attaining an o bjective, a

student must have r sponded correctly to 4or 5 of the test

. items on that objectiVe. The percents of students who attained

each objective are summarized in Tables 1 and 2. On.the left

/ colUmn are he content areas. At the top are fanges of

percents of students attaining the objectives. The numbei's

inside the tables identify, the objective. In Section III,

each -objective is described in furl and the actual percent

attaining the Objective is reported.

By a minimal objective, the writers of this monograph mean ad

objective which nearly all Michigan students an and should aster.

Some Of the reason .Shy a particular objective should be m: tered-

are: (1) it contributes to developing literate citizens,

(2.) it is necessary fot future employment, (3) and it i a

prerequisite for subsequent learning in mathematics

p
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411.

The actual percent of students 'acceptable a., representing,
. / % 1

."nearly Kl" of the tested s,tudents is an .elusiy.e.figure.

The writers consider 85:7 as'an acceptable 1 el. One would

like to think U4a:t, 1C,?:of the Students sh ld attain an
. ,

3

I

obje'ctive if it is truly minimal. Testlng conditions and
. ,

other factors make skich an expectation not reasonable.

,TABLE 1

FOURTH GRADE TEST

? CELT CF STUDENTS ATTAINING EACH OhjECTIVD,

TOPIC
'

'85-100' 70-84% . 55-69 40-54. '0-39
(

Pre-Number .

Numeration

,

-

.

,

Addition

Subtraction

re.ctiohs

Measurement:

'Linear

Time

'Money

Temperature"'eMperatur

Geometry
.

.

Algebra

,

,

'

1* 2

9 10

18
,

22,

23 25

31

. .

.,

-
, .

35

1. 5

14

-

27

,

.

'

..

,

,

6 11

13 15

19b

28

30

.

32
.

33

314.'

.

12

16

4,

.

"

.

,

,

.

7

20
.

24

it

..

,

.

---

817b.

.

26
.

,

pe

.

.
.

.

21c

. _

,

,

.

. .

.

,

.

.

.

,...

.

. .

oc
..,

,../

t

.

.

. <

*Theseriumbe(s are the obj4ctixe Identification Numbers
\ for testing purPbses. See Section III for full de-
.scriptiod% .

.,.
b, c refer to sp ial designations desCribed on page r

L 5. Objdctive numbe S without des nating letters are
,jUdged to be in category a..' :

.- %

, t .. .

.
,

,
-, .

....

tw . //
.

1 ,

/

ti



O

41%

I

TABLE 2

SEVENTH-GRADE TEST

PERCENT OF STUDENTS ATTAINING EACH OBJECTIVE

.
..

.

TOPIC' , .,- 85-100 70-84 55-69 40-54 .0-39
0 ..

Numeration- 2 . 1 i .

Addition 3 4
,

....

-Subtraction 5
Multiplication 7 8' 6 9 .

.

Division 10$ 1115 12 13

4 ,

, .

Fracti.ons.
.

.

Meaning 15 14 ie .

.

Addition ,
, . 17 18

.

.

, Subtraction 19' 20

Multiplication t '21
c

..*

Decimals:
i

Meaning . 22 2,
,Add/Subt 24 25 26

Ratio ,

. ?7
,c

Measurement:
.

.

Linear , 28

.Area.' 29.
.

Volume , ,

3015
'1

.

Time . 31 32:

Money.
. 33 34 35 .

.

TeMperatui.e .36 .

Geometry 39 : 37
P 0

38
/

.

Algebra . 42 40 44 #1 43c , As'
,

:Graphing .

.

9

'. 45c
. . -

.

J
. _

1
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The interpretation categories used,by the writers. were .

modifi.edfrom these .giTen by timer in a memo on the asess-.:

tent' resu1its.
1

Th6 categories and their designation in Table

1 and 2 are as :follows:

a. Minimai and appropriate. The objettiveds judged to .

be minimal and the test items appear to be appropriate.

the level of attainment is not at or abo.ve 85%,:it

maybe due to inappropri4efinStructional materials or

proper emphasis in years prior to the test nar.-

-Obj.ectives in this category are unlabefei in the tables:

..b. Poor test items. "The objective is judged to be minimal

but,the item(s) have test construction flaws which
,

probably contributed to the low. levelof,attainment.

Also, an item. may not have been a valid measure of an

Objetive. ,

c. _Inappropriat,e. The writers feel that the objective,

as currently written, is not a minimal objective.

III

RESULTS, REMARKS AND SUGGESTIONS

The results of the Grade 4 and Grade 7 test are, reported in the
,,, , Tollowirig':pages. The objectivesare grouped in'sectfont

. according to content. A three - column format allows results, .' 1
,, ,,

. - remarksAand eaching suggestions to be viewed as conveniently
.. :-.';

. \
... as possible., TheXatewidelresult and the objective description

,aKe localed I,nthe lefthand column:- The'remarks concerning the

level o1 performance are in the middleN;column and .are aligned.
. ..,' .

with,eacheach objective: 'leaching "and cmrriculuM suggestions are

in-the righthand column. These suggestiontNare made fbr the
c .

Rhtire content section and are not aidgned with. each objective.

1
. .

sr-
.

.Womer, Prank .13.,_ "Ralf A Loaf-An Evaluation of 1973 MEAP
" Results", A mimeographed paper, the University of Michigan

tureau'of School Sevuices, School of Education, 401 S.
Fourth Sti.ee Arm Arbor, Michigan :4810. ... .4; ., .

, e ,
,

1
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EXz,LANATION OF MATERKAL GLEN IN THE OBJECTIVE

AND RESULTS COLUM'

1. AR-I-A-6 (Grade 4) 85%

(i) ).indicate Objects ThO Are Same Size

pc)

)IteMs 96-100

6

t_
?Given a set of objects, the learner will recognize

objects that are the same size.;
k

-

al. The objective identity number assigned for this test.
b. The Objectives full .Code,number 'as it appears in MPOMEM.

The 6bjective is to be. thastered by

and was tested at the begirining of.

Signty-fiVe percent of all students

4 or 5 oq,oP 5 test items cdrrect

See APPENDIX A to see the'percents

1 correct,.2 corredt, 3 correct, 4

the end'of Grade 3.

Gracth 4.

tested got .either

for _this objective:

for zero correct,

correct, and 5:
c9rrect.

. ,.
.

e. The short title for the objective as tilien.bn the, NEAP

data reports: .
..

f. ',The item ;umberifIg for the five test items. .

g. The description, of the,bbjective being 2

2
4

44,

Several of the minimal performance Objectives were rewritten
by the'MEAP staff. into a form more appropriate for paper and
pencil testing in a group administered choice-fortat.
This revise version is given in Section III. The reader.
should review the wording of the original objectives sin
Minimal Performance ves For Mathematics Education In
Michigan4(MPOMEM). A t 4

e writer§ recognize the difficultiessinherent in group
administered multiple choite tests. We hope, that teachers
will continue to use concrete objects for both instruction
and individual assessment: We further urge that HEAP not alter

, any opjectives from the
format when .such an alter
or conept involved.

oncrete to the picture-ideritification
Lion changes the nature of the skill

.

13.
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CONCLUDING REMARKS

The test results show some major areasof strength in

childrens' knowledge at the end of Grades 3 and 6. These

major areas of strength arein pre-nUinbei Concepts (classi-'

location), addition and multiplication concepts for whole

numbers, addition and multiplication'computation for,whole

numbers, and algebraic ideas such as.placehold rs in number
sentences.

Major areas of weakness are numeration for wholq numbers AO
decimals, subtraction and divihon of whole'ntimbers, measure-

(
. ment, fraction concepts, computation with fractions and %

decimals, and geometry.
. $

Throughout the content areas are weaknesses with vocabulary,

interpreting diagrams, and orde4ing objectsand numbers.

Ea-Mi area of perceived weakness is discussed briefly

suggestions by the writers on possible causes and possible

remedies are given. The reader is warned that the following

arl interpretive comments by the writers.

d

1. TECHNICAL VOCABULARY AND SYMBOLS

Every subject area has technical vocabulary which must be

learned in order .to communicate ideas to other people. Often

this vocabulary.is also essential in learning new concepts,
Whilejt is easy.to build a list of mathematical words which

is excessive eve for the most able'students, the vocabulary

used in this test d es seem minimal.

7
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.s.Analysis,of_test results shows that the .following simple words,

phrases, and symbols cause trouble for many students:
111.-

Same size' AM

Same shape -P11

Order from full to em pty > mak

Fewer and fewest

Just. before Shaded(in connection with

Just after fraction diagrams)

ven numbers .P4allel and perpendicularE

Twice as many. .
Intersecting

Rectangleectangle

Plane

There were no adequate test items on othe'r essential mathe-

. matics vocabulary' such as addend, 81.11/1, factor, product, and

quotient. Other test data suggest that these words-are not

familiar to many students. Eliminating words which are only

moderately necessary and giving more stress to the essential

words is a positive direction for the curriculum,

,Vocabulary must be taught. Vocabulary is not learned

dentially. It needs direct attention in classrooms,

frequent maintenance, and frequent usage by ,both teachers

and pupils. Vocabulary should not be taught in an isolated

fashion, but with the conepts for which the words are names.

Errors occurred often with words and symbols which are '.

\ antonyms. Pupilslmade reversal errors on opposites such

as "Before-After", "Greatest-Least", "< and >", "AM and PM",.

and "Full and Empty ". When opposites are being taught, it

is probably best to teach one of the words until it is

learned well by most pupils. Then teach the opp.osite. For

example, teach "Greatest" and get it established well

1
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before teaching "Least". Similarly, teach ">". well before.
'introducing "<".

Mathematial symbolism, contrary to Znglish language \t.
expression, is not redundant. .Each symbol 'must be: perceived,

its'meaning recognized and ,thought about. There is sub-

stantial evidence that many children do not discriminate

e'etween symbols, nor do they read them carefully. For
.

xample, the symbol "x" was often interpreted as " +" and

conversely. Such discrimination and recognition is usually so

obvious to adults that we often forget.. that we must W._p children

earn to do it. Mathematical symbols must be read carefully.

2. MAKING AND USING DIAGRAMS

, Difficulties were apparent in interpreting diagra,ps fqr

subtraction, for fractions, for decimals, for area, arch

for.voluIFme. Since interpreting and drawing diagrams are

essential skills in.other subjects as well as mathematics,

special attention'should be'given to them.
A

.

Diagrams usu9.1 result- from ,r-T:'4",h,concrete

become a way to represent tnought in it cdtpact. `8

example, a' child may use a strip of cardboard with fb blocks

on it for t en. With only a little help; the child can draw

a picture.of the strip,such as i1 to'represent ten and
r-1
LI to show just one. The diagram drawn bY the child

helps him represent his thought in a compact and visual way.

SiMilirly, a child can build ideas folding pieces of paper

to show fractions and then draw diagrams to show the piece

of paper and the parts of.that paper..
. -

The use of dia4rams,at. all levels is to be encouraged:

Recognition and interpreting diagrams should be'accOmpanied

by explicit .help in reproducing and drawing diagrams.

55
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3. ORDER AND SEQUENCE e-

It is difficult to know if. trouble-Wit: ,'de.t: and sequence

is caused by.erroneous concepts'or by inaaequXte vocabulary.

Probably both are somewhat,iesponsible. It is evident,

whaever the cause, that pupils do not do well on ordering
tasKs.

Ordering of twoi-digit arld three-digit numbers pay reflect

inadequ'ate developmental work on base and place value.

Other difficulties are caused by words such as "just before",

"jus,after", and "between". Concrete objects or diagrams

for tens and hundreds arranged "in order" should be related

to the needed vocabuliry'using a variety of words.

r

NUMERATION

C3

The most important topic in elementary school mathemtics is
-numeration. Much of the daily use of mathematics involves -

understanding of4iumbers expressed in place value notation.
- _

111 algorithms for whole nuelars have rg.tra,ration as a pre-_
%Al

.0
In view, of the importance of numeration, performance on the

tefrt items.. clearly is not acceptable4 Teaching
4

suggestions
were git-en on pages 9-2,5. Other courses of action such .

. .

as the - following snould be ,considered: ...
, ,.

, b. Alkot more time in the curri&ulwm at each level
,. to teaching numeration.

1

I b. Make greater use. of physical objects in making
tens and hundreds.

%

c. Teach studeAs to draw diagrams for tens, hundreds,
and thousands:

d.' Place greater attention on relating objecA or
diagrams to the word names ar'd symbols such as
eghty-one" and "81".

ti

7
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AI e. Begin'conprete objects and diagraMs for "tenths"
and "hundredths" earlier, perhaps ages 8 or 9,
for subsequent use with money and the metric system.

f. .Teach- the word names, e.g. 3 tens ones as well
as expanded notation 30 4. 7.

In view of the importance of numeration, the writers feel

that the topip was not adeq'ately tested. Major
*

were not assessed. Consideration should be given also to

revision of the obj .ectives themselves to placte more stress

of drawing and using diagrams for numeration ideas.

5. SUBTRACTION OF WHOLE NUMBERS

The performance on subtration items sliggests the.need for a

better analysis of the algorithm, more attention to the con-

cept of subtrapZion, and more stress- of the application of

subtraction to "How many moire? situations. It seems clear

to the writers that subtraction without renaming should be

mastered by post pupils before proceeding to subction
'with'renaming. Of major importance is a more careful

analysis of all'the steps in the subtraction algorithm.

See pages Ie and 19 for suggestions.)

6. DIVISION OF WHOLE NUMBERS

Suggestions are given on pages.23-21- for improving

division: The beginning algorithm with 1-digit divisiqn

should be mastereebefore moving on to morewomplicated
problems. Furthermore, care is needed in analyzing and

teaching each It the main steps in division.

The wrik.ers raise a serious questio;i7about stressing repeated

subtraction .in doing division. The Writer think that

t
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greater emphasis on relating multiplication and division

may be more productive.

MEAN:N:3 OF FRACT:ONS

While not tested as directly as possible, it seems clear

tnat there is a major inadequacy in quantitative thinking

with fractions. Many pupils are operating on the symbols

ratner than thinking about a quantity or an amount of
2 1 3something. Errors such as 7 .+ 7 = show such symbolic

work without the quantitative ideas

The major recommendation of the writers is that substan-

tially more time, emphasis and experience be provided for

tne quantitative ideas related to fractions. By quanti-

tative ideas is meant ideas of how much, what part of,

etc., always stressing that the answer be given in relation to

the unit chosen. This would mean more time in,using objects

such as sheets of paper as' units, more time in making and

interpreting diagrams, and firmly relating fraction ideas to

fraction symbols prior to algorithmic work. Little improvement_

can be expected on the algorithms until the initial idea

of fractions is understood well by pupils.

8: COMPUTATION WITH FRACTIONS

Test items on computation with fractions did not reflect

content usually found in the curriculum such as addition

and subtraction with unlike.fractions, multiplication

with fractions (test used only unit fractions) or division

with fractions. The content on operations in the test is minimal,

indeed. Yet performance was loW. 'Improvement can probably
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only be made by first improvingthe initialwcrk with the

meaning of racrtions. Then there must be very ca'reful

development of the algorithms, making sire they are related'

meaningfully and firmly to the initial ideas.

Improvement in computation will not come simply by providing

more practice. Time would be better spent thinking about

and working on improving the developmentof the algorithm in
a meaningful way. Extensive use of concrete objects and

diagrams to stress quantitative thinking seem essential:'

o MEANING OF DECIMALS

'The meaning pf decimals was not asse;sed adequately because

of the distracters for the itemsand the test questions

themselves. Poor performance on"computation items such

as .3 -,- .24-suggests strongly that,the meaning of decimals

is not even close to minimal expectations.

The meaning of decimals should be developed from numeration

ideas moving to the right of the ones place .7- and from

fractions wi'h denominators of.10 or 100 or 1000. The use

of concrete materials such as a 100 square can help build

the quantitative notions needed for decimals.

The meaning, symbols, and word names for decimals probably

should be introduced earlier. With the chahgeto the metric

system, decimals will be needed earlier. It is feasible

to introduce "tenths" at age 8 or 9 with "hundredths"

presented after mastery of ' ?tenths ".
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OPERATINS WITH DECIMALS

Computation with decimals must be firmly rooted in the under-

standing of their meaning. D'one properlyr,the operations

can reinforce place value -as for le numbers.

2onversely, understandin of place value for whole numbers

and of the 81gorithm for ,whole numbers can'help in learning

operations with decimals.

It should'te,nzed- tnat multiplication and division with

decimals usually taugnt before grade 7 were not

tested.

M'EAS'..-R.EMENT
or

Next to number itself, Measurement is probably the most

useful part of elementary school mathematics. Test results

indicate that this vital topic is a victim, of poor instruction

and that not enough time is devoted to it.

Ir 'inear, area, and volume measurement the fundamental

and pervasive idea ofunkt is'not learned well. Initial

work using non-standard units such as "toothpicks", "straws"),

cards", or "blocks" should help build the idea of unit.

From an understanding of repeating "length units" such as

"toothpicks" or "straws U, a number line or .ruler scale

can be developed (see suggestions on pages 9 and 35). This

understanding can help improve poor performance with both

rulets and number lines.' Deeper .understanding of 'the way

scales and number lines are made seems essential to any

major improvement in measurement skills.

Explicit attention is needed on reading scales of various

kinds rulers, weighing scales, thermometers = with

t.
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special instruction on wha7, the vari.r5us marKs on scales

represent. Instruction on scales and their' markings should

be acoompan ed.by extensive experience handling. and using

a' variety of measuring instruments.

12. GEOY.ETRY

Tne overall poor performance on geometry items reflects

the lace. of attention the ideas receive in the curriculum

and iradequate focus on the 'relatively minimum vocabulary
needed. t

Geometric ideas and vocabulary are needed in everyday
affairs. Often they are easier than those related to

number and computation. And many times geometry can.

help develop number ideas. The writers are of..the strong

opinion that time must be provided for geo try at each
level of school.

Graphical work showed low-performance but could be improved

.substantiplly just by teaching the o der of numbers in a

pair for locating a given point.. Gra hing is so useful in

other subject areas, especially scien and social studies,
. that its inclusion in the curriculum should be'essured.

There are usually many reasons for poor performance on the.

mathematics tests instructional materials, home back-

ground, motivation, etc. Teachers, together with administrators

and other curriculum leaders, need to discuss what need;

emphasis ina local school.. There should.4e a commitment

to establish priorities for the mathematics'program. This

requires that the local staff have time to sit together to

analyze and interpret their local results.
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individual teacners will want to assess the emphasis given

certain topics at the level he or she teaches. Diagnosis of

strengths and weaknesses of nis or her pupils should become

an integral part of lesson planning and curriculum building.

The total staTf' of an elementary sc?lool may wish to meet and

communicate wnat.eacn level contributes to the development

of certain skills and concepts.

S:me of the observed weaknesses in terformance are fhe

ras.;': of !nPdeouate instructional materials. Often these

materials do not devote enough spate to a topic; nor do

tney provide enough developmental work. Next to be

examined as a possible cause for weakness is the extent

concrete objects and diagrams are used to develop and to

promote quantitative thinking. :here appears to be too

much .stressson the purely symbolic part of the topic when,

it Is introduced.

The Kind and amount of attention given to language development

in the mathematics program needs examining. We have already

mentioned the need for teaching the mathematics vocabulary.

::alike some ether subjects, students do not have many

oaqortunitiwto learn the required vocabulary in other
-situations.

Whatever the separate or combined reasons for poor test

performance, the most critical inadequacy under the control

of the'school.is in the initial developmental work for the

-major Ideas. Overall improvement will be most obvious when

--in)etial work is done in a better way. A sound beginning

seems to the writers to be the most valuable assist any

pupil can have. It is the thing most likely to improve

the attainment of valuable learning objectives.
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